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DECAY ESTIMATES FOR THE WAVE EQUATION IN TWO 

DIMENSIONS 

MARIUS BECEANU 


Abstract. We establish Strichartz estimates (both reversed and some direct 
ones), pointwise decay estimates, and weighted decay estimates for the linear 
wave equation in dimension two with an almost scaling-critical potential, in 
the case when there is no resonance or eigenvalue at the edge of the spectrum. 

We also prove some simple nonlinear applications. 


1. Introduction 

1.1. Results. Consider the linear wave equation with a real-valued scalar potential 
in dimension two: 

ftt - A f + Vf = F, /(0) = fo, MO) = M (1.1) 

A natural condition for equation (ED to be well-posed is that H = — A + V 
should be self-adjoint. The existence of a self-adjoint extension was shown in [3Tj 
under the assumption that 

limsup |V(a;)| log_ \x — y\ = 0. 

£~>0 y J\ x _y\ <f : 

If H = —A + V is self-adjoint, then the solution is given by 

. , r—. , sin (ty/H) , f 1 sin ((t — s)>/~H) . , 

f(t) = cos(tVH)f 0 + —.fi + - -j= - -F{s) ds. 

The following quantity, called energy, is constant as a function of t and remains 
bounded for all time if it is initially finite: 

E[f\(t):= f ft + |V/| 2 + Vf 2 dx. 

J|R 2 x{t} 

Under rather general assumptions, the spectrum of the Hamiltonian H consists of 
the absolutely continuous component [0, go) and the possibly empty point spectrum, 
containing negative energy eigenstates and zero energy eigenfunctions or resonances 
(see [20] and [251 concerning the absence of positive eigenvalues). 

The solution’s projection on the point spectrum of H lacks any decay and may 
even have exponential growth. Thus, in order to obtain dispersive estimates, we 
must first project away from the point spectrum. Zero energy states pose an even 
more serious obstruction: even after projecting them away, dispersion may only 
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take place at a suboptimal rate or not at all. This is why we assume the absence 
of zero energy eigenfunctions and resonances in this paper. 

Since the free (V = 0) linear equation (11.11) presents a resonance at energy zero 
in dimension two, some estimates obtained in the presence of a potential may be 
better than in the free case, as long as the potential eliminates the zero energy 
resonance. This is the case for inequalities (11.21) . (11.41) . (11.101) . (11.111) . (11.181) . and 
(11.191) in this paper. 

In the generic case when there is no resonance or eigenvalue at the edge of the 
spectrum of H , we establish several estimates for the projection on the continu¬ 
ous spectrum of the solution to equation m- We prove pointwise t 1 / 2 decay 
estimates, weighted integrable-in-time decay estimates, reversed Strichartz esti¬ 
mates, and some ordinary Strichartz estimates. All of them take place under almost 
scaling-invariant (hence optimal) decay conditions on the potential V. 

One novelty of our results is that we prove reversed Strichartz estimates for 
the wave equation in dimension two, that is estimates that hold in the reversed 
Strichartz norms 



Such estimates have applications in the study of semilinear equations, see for exam¬ 
ple [5] or Pronosition ll.61 Another application is proving the pointwise convergence 
of the solution of the wave equation to the initial data, see [B] . 

Although there is some overlap between the range of allowed exponents for re¬ 
versed Strichartz estimates and the ones for ordinary Strichartz estimates, neither 
of them is contained in the other. Indeed, in dimension two, reversed Strichartz 
estimates hold for (i, i) inside the rectangle with vertices (|, ^), (0, ^), (|,0), and 
(0,0), while ordinary Strichartz estimates (see [21]) hold inside the right triangle 
with vertices (i,0), (0, ^), and (0,0). For comparison, Strichartz estimates with 
radial data (see [14] or [33]) hold inside the right triangle with vertices (|, 0), (0, |), 
and (0,0). 

In stating the theorems below, we assume that 0 is a regular point of the spectrum 
of — A + V. This property is defined by the Definition on p. 12. Let the spaces 
K-g and /Q be defined by (12.11) and (12.21) respectively. We also denote by L p ’ q the 
usual Lorentz spaces, see [7] for their definition and properties. 

Our main result is as follows: 

Theorem 1.1. Assume that (1 + log + \x\) 2 V e L]., for some q e (1, oo] V e L<1 oc 
and limfl-.oo I? 1_1 ' /<? || 1 F||x,<!(| x | e [_R ! 2 i?]) = 0, and 0 is a regular point of the spectrum 
of H = —A + V. Let P c be the projection on the continuous spectrum of H. Then 




( 1 . 3 ) 


and for p e [1, oo] 
f* 



~ |-^ll((l-t-log + |a;|) — 1 L^.n/C 1 )Lg • 


—OO 


(l+log+ |x| )£“£? 


( 1 . 4 ) 
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In addition. 


J I COS (tVH)P c f\(x) dt < ||V/|Ui, 


rOD _ 

(1 + log + |z|) _1 | cos(tVH)P c f\(x ) dt < | V/l 

Jo 

and for 1 < p ^ oo 


l i, 


f cos((i — s)Vh)P c F(s) ds 
J— 00 


< 


(l+log+ M )L^L\ 




Furthermore, for 1 ^ <?i, 92 , Tj., r 2 , <7, cr ^ oo, one has that 

rt sin((t — s)\fH)P t 

J — 00 


£ 

£ 


-F{x, s ) ds 


Vh 

cos ((t — s)VH)P c F(x, s) ds 


£ Ill’ll 


Li 2 ’” L?'' 7 ’ 


< 


l|VF|| 




( 1 . 5 ) 

( 1 . 6 ) 

( 1 . 7 ) 

( 1 . 8 ) 

( 1 . 9 ) 


where ^- + J- + 2= ^- + J- and 0 < i < i. When n = oo Z7 1 -* = L 00 . 

q i ri Q2 ri V2 ri 2 1 

When r 2 = 1 Z/ 2 ’ cr = L 1 . When r\ = oo, r 2 = 2 i/ien L ri,,T = L 00 and Z/ 2 ’ 0, = L 2 ’ 1 . 
When r\ = 2, r 2 = 1 i/ien L ri,a = L 2 ’ 00 and L r2 ' a = L 1 . When q\ = oo L 9l,<T = L 00 
and L q2 ’ a = L 92>1 and when q 2 = 1 L 91 ’' 7 = L 91 ’ 00 and L 92 ’ CT = L 1 . 

Next, 

8in(tv1r)ft ' s ll/IUs (1.10) 

((l+log + |x|)ig>+/C*)iS° 


VI? 




andQ 


( 1 . 11 ) 


II COsWi?)P c /|| ( (i +1 og +k |) i?+Kf)i oo ^ ll/llffi- 
77ie dual estimates are also true. 

Moreover, assume V e L 9 Pbr t < s < 1 and - + - = 1 — s, 8 < a < oo 
(and including L q ’ 2 = L 00 in i/ie case of the free Laplacian, but excluding ( q,r ) = 
(go, 2),), 2 < r ^ oo (where Z7’ 2 = L* w/ien r = co), excluding the endpoint 
(q, r, s) = (8, oo, |), we have 


sin (tV~H)P c 


Vh 

domir, 

cos(tVH)P c f\\ L ^ L 

l exponents to the o 

nOD 

J — 00 


\H\~ 


Vh 


t-1 

io 

?A 

mVfhi 

(1.12) 

1 Hi 

~ 1+ r^Hl~^) aTl d 


< |||p| s/ 2 /IIl S ^ ll/ll 

(1.13) 

s above we have by duality 


-m 

~ II F W L q J- 2 Lf ’ 2 

LI 

(1.14) 


^Note that the following more refined estimate is also true, but too cumbersome to prove 


in this paper: 


| sin (tVH)P c 

Vh 


n 


+ 


|| sin (ty/~H)P c 

Vh 


\\(L™+K*)L? ([0.1]) 

The same applies to the subsequent cosine estimate 111. 111) . 


(l+log+ \x\)L%Lf([ l,oo)) 


5 WfWhi- 
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(the left-hand side norm dominates 


£ 


hI~ s+ +hI~“~ ) an d 


cos (tVH) P C F(t) dt 
ndpoint 

"/I LfL* ^ It/ll bJ/2- 


Note that by |28] the following endpoint inequality is true: 

|| itV^A , 


(1.15) 


Remark 1. The condition V e L® oc , limfl_ >00 l? 1 1 / 9 || V\li(\x\€[r. 2 R\) — 0, can be 
replaced by requiring that V e 1C i and 

limsup |V(a;) | log_ \x — y\dx = 0, 

e ^° V J\x-y\<e 

provided that a spectral condition is satisfied: U + T( A) is invertible in L 2 for all 
A > 0 (see Lemma m - 

Note that this allows for potentials that are measures with singular support. For 
an example of dispersive estimates with such potentials (in dimension three), see 

El- 


In addition to the reversed Strichartz estimates of Theorem 11.11 we can easily 
prove several direct Strichartz estimates. 


Proposition 1.2. Consider a potential V such that (l + log + |a:|) 2 P e L\, for some 
q e (1, oo] V e L q loc andlimji-tao q \V\L<i(\x\e[R, 2 RY) = 0; and 0 is a regular point 
of the spectrum of H = —A + V. Then for (1, 1) contained in the triangle with 
vertices 0), (1,1), and (0,0), excluding the endpoint (0,0), and for | + 1 = 1 — s 


sin (tVH)P c 


Vh 


iS \\H^-fhl 


L r t Ll 


(as per Lemma \3.4\ this is dominated by \\f\\H s ~ 1+ r ^H s ~ 1 ~) an, d 
\\co S (tVH)P c f\\ L r L% < \\H s / 2 f\\ Ll < ||/|| ff j. 


Proof. Indeed, the side (1,0), 2 < q < go corresponds to Sobolev embeddings, 
while the side (-, -), 8 ^ q < go, corresponds to inequalities proved in Theorem 
o Estimates inside the triangle follow by interpolation. □ 


Next, we state the pointwise decay estimates. Such estimates can presumably 
be used to prove further decay estimates, such as Strichartz estimates. 

We first define the Kato-type spaces of potentials 


m 


IC 1/2 ■■= sup 
y 


l 


\x—y | Sal 


|P(a;)| dx 

1 — y\^ 2 ’ 


\\V\■= sup 
y J|: 




\V(x)\ log\x - y\dx 
\x-y\ 1/2 


Theorem 1.3. Assume that (1 + log + |a;|) 3 P e Lfor some q e (l,oo] V e L q oc 
and limjj-voo-R 1_1 ^ 9 ||^||i9(|a:|e[fl,2fi]) = 0, 0 is a regular point of the spectrum of 
H = —A + V, and in addition that (1 + log + \x\)V e /C 1 / 2 , V e 1C. Then 

IIcos(tViL)P c <ff>- 3 / 4 /lk« + || sm( ^ )Pc <g)- 1 / 4 /|U g > < \\f\\m, ( 1 . 16 ) 


where TL], is the Hardy space. 
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Furthermore, 


cos(tVH)P c f\\ 

L< £ ~ ||<fl> 8/4+ /li.i £ ll/ll w 3/2+,l , 


Vi? 


(1.17) 


The Kato-type conditions on V are satisfied when (1 + log + |:r|)U 6 L^f 3 and 

VeL 4 J 3+ . 

Under slightly more restrictive conditions on the potential V we have the fol¬ 
lowing refinement of several results of Theorem 11.11 which are also almost scaling- 
invariant. 


Proposition 1.4. Assume that (1 + log + |ic|) 4 U e L\, for some q e (1, go] V e Lf ( 


loc 


nCC 

sin (t\/H)P c 

1 

Vh 


and lim ^_ >00 R 1 1 ' 9 ||U||i l 9 (| x | e [i{ ) 2 R]) = 0, and 0 is a regular point of the spectrum 
of H = — A + V. Then for t 1 


(x, y) dr < (1 + log + t) X (1 + log + |a;|) 2 (l + log + | 2 /|) 2 , (1.18) 


(l + log + |a;|) 2 | cos(tv / l?)P c /|(a;) < (l + log + t) 1 ||(l + log + | x|) 2 (-A/)|| z ,i. (1.19) 
Also, for t ^ 0 

rCC _ 

(1 + log + V |)~ 2 J | cos(rVH)P c f\(x) dr < (1 + log + i) _1 ||(l + log + \x\)Vf\\ L i , 

( 1 . 20 ) 

sin (t\[H)P c 


(1 + log + V|) 


-2 


Vh 


-f 


(x) < (l + log+t) 11(1 + log + V|)V/| L 1 . (1.21) 


Note that other estimates with different combinations of norms are obtainable. 
The proof of (11.1211 and (11.131) is based on the following lemma: 


Lemma 1.5. Under the same conditions on V, for 1/4 < s < 1 we have 

f e A t ~ T )^Hp c 


I 


H s 


-F{t) dr 


< 


1*11 


L* 2 '*L?’ 17 ’ 


( 1 . 22 ) 


where 1 ^ q t , q 2 , n, r 2 < go and + £ + 2s + 1 = A. + A. 


For 1/4 < s < 1/2 0 ^ 


<: 


r2 _ is 2 1 , with Lorentz space modifications when 

ri = oo or r 2 = 1 and extra modifications when ^ = 4s ~ 4 and ri = oo or 

4s—1 


r 2 = 1. For 1/2 < s ^ 3/4 2s— 1 < ^ — < 4s 2 4 , except there is no equal sign 

when s = 3/4 and there are Lorentz space modifications when r\ = oo or r^ = 1 and 


extra modifications when —— — = 


and ri = oo or r 2 = 1. For 3/4 < s < 1 


r *2 pi 2 

2s - 1 < J- - J- ^ 1. 

7*2 7*1 

When q\ = oo L 91 ’ CT = L 00 and L q2 ’ a = L 92,1 and w/ien 52 = 1 F 91,cr = F 91 ’ 00 and 

L q2,c = L i 

Finally, we provide a semilinear application of the reversed Strichartz estimates 
(11.81) and 
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Proposition 1.6. Let p* = 7 and assume p* ^ p < oo. Consider the semilinear 
equation 

ftt - A f + Vf = G p (f) + F, /(0) = f 0 , MO) = fi, (1.23) 

where 

\G P (f)\ + \f\\G' p (f)\<\M 

and (l+\og + \x\) 2 V e L\, for some q > 1 V e L%, and lim H ^oo ^ 1_1/9 ||^|U'i(|x|6[ii,2fl]) 
0. Assume that H = —A + V has no eigenvalue or resonance (in particular zero is 
a regular point of the spectrum). 

Lets = *£.IffoeH*,heH a - 1 +nH'- 1 -,andFe (J L^ 2 L r *' 2 

^+^=z~ s 

1<92 ^oo, 3^7 ^T-2^00 

are sufficiently small in norm, then equation ll.23\) has global solutions 

/6 H 

-2- + i = l -s 

91 r l 

8^gi <00, ^ri sg oo 

where L ri ’ 2 = L 1X5 when r± = oo and the endpoint (qi,ri) = (8, go) is excluded. 

If in addition 1 < (ft ^ f and r 2 2 (where Z/ 2,2 = L 1 w/ien r2 = 1, aZso 
excluding the endpoint ((ft,r 2 ) = (|,1), then f e + Hfr) and f t e LIf iZ* _1 . 

The critical Sobolev regularity for this theorem is s* = |. 

Proof. Note that p = ^E§ and that when p = p\ := ~ 5.7 then s = Si := 

11 8 — -57 is the exponent for which the equality | + = 1 — s holds. For this 

8 

value of s = Si one has that f Pl e Lx 1 L\, which is in this case a dual (reversed) 
Strichartz norm. 

However, for (11.81) to hold, the exponents must also satisfy the condition A_T. -g; 
Since r 2 = |5§ri) this means that rq and r 2 S 5 Combined with 

A- + A- = 1 — s and q\ ^ 8, this implies that s > s* = |. The corresponding power 
of the nonlinearity is p* = 7 . 

The conclusion follows by a standard fixed point argument. □ 

1.2. History of the problem. The study of Strichartz estimates for the wave 
equation began with the paper 33J. Dispersive estimates for the wave equation 
were proved by, among others, [33], 0, [3], [33], [TB] , [33], [TU], [T5], [H], 0, [33] . 
and m- For the high frequency portion of the solution only, estimates were also 
proved by 0 and [37]. 

By comparison to higher dimensions, the two-dimensional case, which is the 
lowest dimension in which dispersive estimates hold for the wave equation, presents 
a series of special features that contribute to making it a special case. 

In two dimensions, the solution to the free wave equation (when V = 0) is given 
explicitly by the formula (for t ^ 0) 

( sinftVAA) \ J_ f f(y) dy 

V V~A ) 27t y't 2 - |a; - y\ 2 

This propagator has a decay rate of t _1 , which barely fails to be integrable. As we 
shall see in Lemma \2 .21 this is entirely due to the existence of a resonance at zero 
energy for the free Laplacian in dimension two, namely the constant function 1. 
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This is also related to the fact that the resolvent i?o(A) is not uniformly bounded 
as A —» 0. 

Another feature that complicates the analysis in two dimensions is the failure of 
the endpoint Sobolev embedding H 1 cz L 00 for the energy space. 

It is well-known (see e.g. [M]) that the solution / to the free wave equation 

ftt -Af = F, /(0) = f 0 , f t (0 ) = h 


satisfies the following Strichartz-type estimates in dimension two: 

WfWctHsnL^L^ 1 + ll/tllctlA- 1 ~ ll/ollljs + ll/l 111*- 1 + 

under the assumptions 2 ^ 91, 92 ^ oo, 2 < n, r2 < oo, ^ < \ and same for 
(92,7-2), and 

12 12 

- 1 -— 1 — s— —H—-— 2 . 

9 i n q' 2 r 2 

Here q' 2 and r' 2 denote the conjugate exponents to q 2 and r 2 . These estimates also 
carry over to the perturbed case (when there is a potential) via the L p , 1 < p < 00, 
boundedness of wave operators, see [ 22 ] , 

Giving up some regularity in the angular variable 9 , one obtains instead the 
following modified estimates (see [ 52 ]) that hold more generally when 91,92, G, r 2 > 
2 , (gi,r-i), (92,7-2) A (00,00), A- + i < I and same for (92,r 2 ): 


<?i ri 

^L^.L 2 ~ \\M\h « + II/iIh»-i + ll^ll 


J W » 


G 2 T 2 r 2 


In addition, the solution to the free wave equation satisfies the estimate (see [2]) 


cos(tV=A)/|U ? ^ |*| 1/2 ||/|| w 3/2 + ,i, 


sm(ty/—A) 
V—A 


~ 1*1 1 / 2 H/llw'i /2+ ' 1 


with the endpoint estimate becoming true if we replace L 1 by the Hardy space H 1 . 

Recently, m proved pointwise decay estimates for the wave equation with po¬ 
tential in dimension two such as 


cos(tVH)P c (H)- 3 / 4 -f\\ + 


sin (t\fH)P c 

Vh 


(H) 


-1/4- 


sS ll/ll 


Ll, 


L °° 


under the assumption that | V(ar) | < (x) 3 . [19] also proved weighted, integrable 
decay estimates such as 


cos (tVH)P c (H) 3/4 /|| <x> i/ 2 + L a> + 


sin (t\/H)P c 

Vh 


(H) 


-1/4- 


< 


<x> 1 / 2 +L” 


<t 1 (l0gt) 2 ||/|| <a; )-l/2- i l 

for t > 2. In addition, [ITS] proved decay estimates for the case when there are zero 
energy eigenvalues or resonances. 

[27] obtained by entirely different methods the high frequency estimate 
11^77—3/4— (i - h(H/R))f\\ L f < r 1/2 ||/|| L i 

for sufficiently large R , under the sole condition that 

f \V{x)\dx 
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Here h is a smooth cutoff function. 

In the current paper we improve upon the results of [19] in several ways, by 
reducing the necessary regularity and decay conditions on the potential and by 
reducing the weights needed for the integrable decay estimates, both in space and 
in frequency (see Theorem ! 1.1 1 and Proposition ll.41) . In addition, for the t -1 / 2 decay 
estimate we obtain the endpoint case, which involves H 1 (see Theorem OH . We 
also prove reversed and ordinary Strichartz estimates. 


2. Preliminaries 


2.1. Notations. We denote by A < B the inequality \A\ ^ C\B\ for some constant 
C, which may change from line to line, a v b = max(a, 6), a a b = min(a, 6), and 
(x) := Vl + x 2 . 

We define B(X, Y) to be the Banach space of bounded linear operators from the 
Banach space X to Y and B(X) = B(X,X). 

Let -Ro(A) := (—A — A) -1 , Ry( A) := (—A + V — A) -1 , and P c be the projection 
on the continuous spectrum of H = —A + V. 

We adopt the following convention for the Fourier transform: 

^ r 00 i r 00 

•77(0 = /(0 : = f{x)e- lxi dx, T~ 1 g(x) = g{x) := — s(£)e“7£. 

J — 00 ^ j— 00 

Let F(S7)f := X~\F(0f(0). 

In addition, denote the Lebesgue spaces by L p , the Lorentz spaces by L p ’ q (see 
j? ] for their definition and properties; note that L p ’ qi cz L p ’ q2 for qi ^ q 2 , L p ’ p = L p , 
and L p ’°° is weak-L p ), the Hardy space by 'H 1 , the Sobolev spaces 

H s = {/ | 107(0 £ Ll), H s = {f I < 07(0 e L\}, LW’ P = {/ | <V> S / e L p } 

and weighted spaces F(x)L p = { F(x)f(x) \ f(x) e L p }. 

Define the local Kato space 

TCe = {/ £ M | Wflice ■■= sup f |/(x)| log® \x - y\ dx < oo (2.1) 

v Jr 2 


where log_ := — min(log, 0) and log + := max(log, 0). This is a Banach space of 
measures. Note that L p cz JCg for 1 < p ^ oo. 

The dual of ICg is 


= {/ 


/OO = f : 

JlR 2 


g(x,y)l\ x ^ y \^idn(y) 


{ 

J[F 


sup 


\9(x,y)\ 


r 2 Vi^-yi^ 1 lo s- \ x ~ y I 



Then ICg cz L p for 1 < p < oo. 

The reason for the definitions of ICg and ICg is that the operator with kernel 
log 6 \x — y\ is bounded from (1 + log + \x\)~ e L\. n Kg to (1 + log + \x\) e L™ + ICg 
(where one of ICg and ICg can be missing). 

At a minimum, assuming that V e /C 1; then |P(x)| log_ |x — y\ e B^L 1 ), log_ \x — 
y\\V(y)\ e B(L°°), and by interpolation v(x) log_ \x — y\v(y ) e B(L 2 ), where v = 
IPI 1 / 2 . We also need that v e B(L 2 ,(l + log + |x|) -1 L],)- This means that we require 
that V e <1 + log + \x\ In addition, in order to be able to assume the absence 
of embedded eigenvalues, we require that for some q e (1, oo] V e L q oc and 


lira FL^nVW-" --- n 
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This is strictly stronger than the V e JCi condition we would need otherwise. 
We also define the following two local Kato-type norms: 


hoi f \V{x)\dx f 


|^(a:)|log_ \x-y\ 
\x-y \ l/2 


For a Banach lattice X (a Banach space of functions or measures such that if 
|/| ^ \g\ then \\f\\x < ||ff||x)i consider the Banach spaces of kernels 

U XtY :={T(t,y,x):M{T)(y,x):= f \T(t,y,x)\dt e B{X x ,Y y )} 

J — 00 


and in particular IA X '■= U x ,x ■ A kernel in T e U x ,y admits an inverse Fourier 
transform T(A) e C\B(X,Y). We denote the Banach space of such Fourier trans¬ 
forms by U x .y ■ 

The spaces U x ,y form an algebroid under convolution, in the sense that for any 
three Banach lattices X, Y, and Z 


||?1 * T 2 \\u x ,z '■= 


r 


Ti(t ■ 


,y)T 2 {s,y,x) ds 


< 


Ux,: 


\ T i\\uy,z\ T Au x ,y ' 


In addition to U x ,y, we consider the spaces (1 + log + \t\)~ k U x ,Y , which have 
improved smoothness in the dual variable A and also form an algebroid for each 
k e IR. 


2.2. Basic properties. The improved smoothness announced above is captured 
by the following inequality: 

Lemma 2.1. For a smooth cutoff function h{ A) 

ll(/(A)-/(0))/i(A)log|A||| rix + 

+ ll(/(A) - /(0))/i(A)sgnA||£^ ^ ll/ll(i+io g+ Itl)- 1 ^ 1 - 

Proof. Indeed, let 77 (f) be a smooth cutoff function such that 0 ^ 77 < 1 and 77 (f) = 0 
for t < 1 — e, 77 (f) = 1 for f > 1 + e. Then 

(( 77 (f) - 77 (-f))f _1 ) v (A) = ~ log |A| + 0 (A) = -~h{ A) log |A| + g{ A) 

7r 7r 

and it decays to any order away from 0 , where g( A) and g( A) are smooth functions 
and h( A) is a smooth cutoff function. Note that 

rOO 

/(A) - /(0) = (e- itoX - l)/(f 0 ) dt 0 

J —00 

and 

((e itoA —1)(—— h(A) log |A|+ 0 (A))) A (f) = (? 7 (f—f 0 )—T 7 (f 0 —f))(f—f 0 ) _ 1 —( 77 (f)—? 7 (—f))f _1 
7 r 

lias L\ norm of at most C\ + C 2 log + |fo|. The term g( A) has a contribution of 
bounded L\ norm. Therefore the first half of m follows. The second half is 
obtained in a similar manner, taking into account that 

(( 77 (f) + 77 (-f))f _ 1 ) v (A) = A sgn A + g(X). 

□ 
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Let IA 2 := Ml 2 ■ 

Below we establish some fundamental properties of the resolvent in dimension 
two that we use in the proof. 


Lemma 2.2. The resolvent Rq((X + ?’0) 2 ) admits a decomposition into 

R 0 ((X + i0) 2 )(x,y) = L(X)(x,y) + h{ A)(^sgnA- ^-log|A|), 

where 1 [0 ,i](t)L(t,x,y) eUic^L™ r\U L ^ K *, l[i >oo) (t)(l + log + \t\) k L{t, x, y) e 
^(i+iog_j_ \x\)~ k ~ 1 L 1 (1 _|_ log \x\) k + 1 L (X> 7 ctnd h( A) is a smooth cutoff function such thnt 
h{ 0) = 1. Furthermore, for v e (1 + log + |x|) _ 1 L^ ; 


(*) lim !^(i + ^)-^WIK 1+log+W )- lt i, Kl+ ,( 1+Iog+l , l) ^ =°> 
(ii) lim \\t\ t ^ R vL(t)v\\u 2 = 0 , 

R—>co 

and for small e one can choose L such that 

L(0)(x, y) = -f- log \x - y\ + C + O(e). 


(2.4) 


Proof. Recall the following formula expressing the free resolvent in terms of Hankel 
functions: 

R±(X 2 )(x,y) = ±^H±(X\x~ y \). 

Hankel functions are the inverse Fourier transforms of the following functions (see 
the Appendix): 

2 f 00 

H+{p) = -\ (f 2 — l) _ 1 / 2 e ipt dt, (2.5) 

respectively 

H~(p) = - — f (f 2 - l)-V 2 e ipt dt. (2.6) 

Consequently we can express the free resolvent as an inverse Fourier transform of 
a family of integral kernels by the following formula: 

1 f 00 1 f 00 

(X 2 ){x,y) = — (f 2 - \x-y\ 2 )~ 1,2 e lXt dt := — K(t,x,y)e lXt dt 

2n J\x-y\ 2lr J-oo 

and similarly for Rq(X 2 ): 

i I — \x~y\ If 00 

Ro {X 2 )(x,y) = — J {t 2 - \x-y\ 2 )~ 1/2 e lXt dt = — J K(t,x,y)e~ lXt dt. 

We combine both into a single formula for i?o((A + zO) 2 ). 

The family of kernels ^ K(t,x,y ) = ^l| a: _j / |^ t (< 2 — \x — y| 2 ) -1 / 2 is the Green’s 
function for the wave equation in two dimensions. Note that for every x and y 
K(t,x,y) is almost but not quite integrable in t , having a tail of size tr 1 at +oo. 
In fact, K(t,x,y) belongs to L J’ 00 n L 2,co and to L p for 1 < p < 2. 

We decompose K(t,x,y) into an integrable component and a a rank-one nonin- 
tegrable tail: 

K(t, x, y) = (± t> \ x - y \ (f 2 - \x-y\ 2 )~ 1/2 -r?(t)t^) + r](t)t~ 1 , 

where 77 is a smooth function such that 0 < 77 (f) < 1 , 77 (f) = 0 for f ^ 1 — e, and 
77 (f) = 1 for f ^ 1 + e, for some small e to be chosen later. 
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Note that 

= it>i»-»i((t 2 -|*-i/l 2 ) _ 1 / 2 -* _ 1 )+ie>|x-w|t _ 1 -»y(*)t 

where 

rOD 

| - 7?(t)t _1 dt + In \x - y\\ < e 

JO 

and independently of x and ?/, by rescaling, 


rOD rCC 

l t ^\ x - y \{{t 2 -\x~y\ 2 )~ 1/2 -t~ 1 )dt = C < 1 

Jo Jo 


\x-y | 2 


o t>|x v] t*y/t*-\x- y \' 


:dt=C. 


Therefore 


rCC 

j |l t> | x _j,|(t 2 - |a; - y| 2 )~ 1/2 - r?(t)t _1 |dt < C+ | log|x - y\\. 
Jo 


Furthermore, taking into account the fact that for e k < \x — y\ t < \x-y \ > 

for |rc — j/| ^ e fe we obtain 


rCC 

I (!°g +0* 


|x-y | 2 


f 2 V^ 


■ 2 / 1 ' 


■ dt < log+ |a; - y| - 


Together with 

rCC 

| (log + f) fe (l t> | a; _j / |t _1 - g{t)r l ) dt | < 1 + log+ +1 |x - y |, 

Jo 

it implies that 

r<X) 

I (log + t) k \t t ^\ x _ y \(t 2 - I a: - ?/| 2 ) _1/2 - r?(t/e)t _1 | dt < 1 + log+ +1 \x - y\. 
Jo 


Note that the inverse Fourier transform of g{i)t 1 is of the form 


1 


1 


OK*)* 1 ) V (A) = - sgnA — — log |A| + g(X) = h{ A)(-sgnA- — log |A|) + g(X) 


27r 


2n 


and it has decay to any order away from 0, where g( A) and g( A) are smooth functions 
and h( A) is a smooth cutoff function. We then set 

L{t){x,y) = (t t ^\x-y\(t 2 - \x - y\ 2 )~ 1/2 - ?K*)* _1 ) + g[t). 

Finally, we prove (12.411 as follows: for (i), note that 


J -00 

I L(t + 5) - L(t)\(x,y) dt < min(C + | log \x - y \|, 

0 


5 51/2 1 /II 

+ i- tttt) + °(1)> 


x- y\ \x — yl 1 / 2 ' 


while for (ii) we see that 











12 


M. BECEANU 


3. Proof of the main statement 

Our proof uses the symmetric resolvent identity 

Rv(( A + fO) 2 ) = R 0 ((A + iO) 2 ) - i? 0 ((A + iO) 2 )v{U + T(A)) _1 t;i2o((A + zO) 2 ), (3.1) 

where v = IFI 1 / 2 , U = sgnH (defined so that U 2 = 1), andT(A) := vRo((X + iO) 2 )v. 
Other useful identities include 

R v (( A + zO) 2 ) = (I + R 0 ((A + iO) 2 )V)~ 1 R 0 ((A + iO ) 2 ) 

and 

(I + Ro((A + iO) 2 )V)~ 1 = I- i? 0 ((A + iO) 2 )v(U + T(A))~ 1 v. (3.2) 

We compute the Fourier transform of (U + T{ A)) -1 = (U + vRq((A + zO) 2 )u) _1 
as a function of A and show that it is in U- 2 i except for some specific terms that 
appear in the expansion near A = 0. 

First, we need to show that (U + T( A)) -1 exists pointwise for each A # 0. 

Lemma 3.1. Assume that V e L\. is real-valued, and such that for some q e (1, oo] 
V e Ll oc and 

Jim R 1 1 ^'|l / J|L'i(|x|e[R, 2 ii]) = 0. 

R-*o o 

Then for each A e R\{0} (U + T(A))^ 1 — U e B(L 2 ) is a Hilbert-Schmidt operator. 

Proof. First, note that (U + T( A)) -1 = /7 _1 (/ + T(A)U)~ 1 . Consider the operator 
T(A)U = vRq((A + iO) 2 )vU. It has integral kernel ±\v(x)H^ (A|x — y\)v(y)U(y), 
where the Hankel functions have the asymptotic behavior l?+(p) = O(logp) for 
p —* 0 and H\{p) = 0(p~ 1 ^ 2 ) for p —» co. Due to our assumptions, T{A)U = 
vRq{{A + iO) 2 )vU is a Hilbert-Schmidt operator, hence compact. 

By Fredholm’s alternative the only alternative to the invertibility of I + T(A)U 
would be the existence of a nonzero function / e L 2 such that / + vRq((A + 
iO) 2 )vUf = 0. To preclude this we follow the classical Agmon bootstrap argument. 

Let g := Rq((A + iO) 2 )vUf e U°. Then g + l?o((A + iO) 2 )Vg = 0. Since g e L” 
and V e L\. is real-valued, the pairing 

{ gi Vg) = -{R 0 {{A + iQ) 2 )Vg,Vg) 
takes a real value. However, one has that 

Im(i?o((A + i0) 2 )Vg,Vg) = cA f \Vg(Au>)\ 2 duj, 

Js 1 

so Vg(Auj) = 0 on the circle. Adapting Proposition 2.4 in [18] to the two-dimensional 
case, one can show that for 1 ^ p < 6/5 and for any 6 < \ — y, if F = 0 on S 1 
then 

\\(l + \x\) s -^ 2 R±(l)F\\ Ll < ||F|Up. 

Setting F = Vg e L 1 , it follows that (1 + |a;| ) s ~^ 2 g e L 2 for some S > 0. Note 
that g satisfies the distributional equation (—A + V — A 2 )g = 0. One then easily 
checks that g e W j 2 ’/ cz H\ oc . Consequently we can apply the results of [3D] or [25] 
concerning the absence of embedded eigenvalues, which imply that such a solution 
g must be zero. Therefore / = 0 and (/ + T(A)/7) _1 is L 2 -bounded. 

Since we can write 

(U + T(A))" 1 = U - UT(A)(U + T{ A))" 1 

it follows that the difference is a Hilbert-Schmidt operator, as claimed. □ 
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Denote by Go(x, y) = — ^ log \x — y\ Green’s function in two dimensions. 

Let P = |y| - (•,u)u be the orthogonal projection on v in L 2 and Q = I — P. 

Following [2T], pill] . [12] . [12] , and [19] we give the following definition: 

Definition. We say that zero is a regular point of the spectrum for H = —A + V 
if Q(U + vGov)Q is invertible on QL 2 . 

This corresponds to Ry{ A) being uniformly bounded in norm as A —» 0. 

Now we can state our main technical result, concerning the Fourier transform of 
the resolvent Ry- 


Lemma 3.2. Assume that (1 + log + |a:|) 2 F e L\, for some q e (l,oo] V e L® oc 
and lim^-KX) l? 1_1 ^ 9 ||F||i<i(| x | e [fl 2 r]) = 0, and 0 is a regular point of the spectrum 
of-A + V. Then 

supp(i?v((A + zO) 2 )) A c= [0,oo),l [05 i](t)(i?y((A + iO) 2 )) A (t) eU L i nJ c ltL «>, 

■^-[l,oo) (^)(-^V’((A + iO) )) (t) G ^(l+log + \x\)~ 1 L] c ,(l+log |ic|)L^ • 

Moreover, 


supp((/ + i?o((A + tO) 2 )!/)" 1 ) A <= [0, oo), 1 [0 ,!](*)((/ + Ro((X + iO) 2 )F) _1 ) A (t) e U L 
((/ + i?o((A + iO) 2 )V) x ) A (t) G W( 1+log+ | s |)Lg>- 


In factj for (/ + Ro((X + zO) 2 )F) 1 one has the stronger estimate 


(/ + l?o((A + fO) 2 )^)- 1 = (1 - h{X))N 0 {\) + h(X)Ni(X)(I - 


1® \V\ 

\\Vhi 


)+ 


+ 


K x) 


(3.4) 


(3.5) 


| sgn A - A. log 


-iV 2 (A)(l®|F|), 


where N 0 , N 1} N 2 e U (l+Xog+ \ x \)l oo and h is a cutoff function. 


Proof. Take an even cutoff function h such that 0 < /i < 1, h = 0 outside (—2, 2), 
and h = 1 on [—1,1]. 

Note that vLv G Zb 2 , where v = | W| 1</2 and L is given by Lemma T2. 2 1 
We consider separately the cases of high, medium, and low energies. 

High energies: We want to show that (1 — h(X/R))(U + T(A)) -1 has a Fourier 
transform in U 2 for sufficiently large R. To begin with, one can express the Fourier 
transform of (1 — h.(X/R))T(X) as 

^ ^ XV f 00 XV XV XV 

T - Rh(R-) * f = Rh(Rs)(T(t) - T(t - s)) ds. 

J — 00 

Due to the condition (12.41 b as well as due to the fact (1 — h(X/R))h(X)(j sgn A — 
log A) is a Schwartz-class function, we obtain that this converges to zero in U 2 
as R —* 00 . We then see that 

(1 - h{X/2R)){U + T( A))” 1 = (1 - h(X/2R))(U + (1 - fi(A/l?))T(A))- 1 

00 

= (1 - h{X/2R)) £ t/(( 1 - h(X/R))T(X)U ) n , 

n= 0 

which converges for sufficiently large R in ZY 2 . 
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Medium energies: Let S e := h( x x ° )(T(X) — T(X 0 )). A straightforward argument 
based on condition HO i), as well as on the fact that h( x X ° )h( A)(| sgn A— ^ log A) 
is a Schwartz-class function, shows that lim e _>o |[*S'e ||t/ 2 = 0- Then 

+ T(A))" 1 = + T(A 0 ) + M^r^)(T(A) - AAq)))" 1 

e e 2e 

A - A 00 

= M—r-^) E + T(A 0 ))- 1 (5 2e (f/ + T(Ao))- 1 )", 

n=0 

where ([/ + T(Ao)) -1 exists and is a Hilbert-Schmidt operator by Lemma [All The 
series converges in U 2 for small enough e. 

Zero energy: This case requires separate treatment and in particular not all the 
terms obtained in the expansion will be in U 2 ■ We make use of the following lemma 
(the Fehsbach formula, see for example Lemma 2.3 in [21]): 


Lemma 3.3. Let X = Xq © X\ be a direct sum decomposition of a vector space 
X. Suppose that a linear operator L e B(X) is written in the form 

^ _ (Too T 0 i 

\Tio T11 


in this decomposition and that Lqq 1 exists. Let C = 


-'ll 


TioTqqLqi- 


exists if and only if C 
L- 1 = 


-1 


Then L 


exists and is given by 
lT -^LinT 


r —1 
^00 


+ T 00 LqiC 

—C~ 1 LiqL. 


10-^00 


10-Oqo 


^T 00 L m C 

c - 1 


-1 


We assume that zero is a regular point for H = — A + V and write 

TJ , rm= (Q( u + T W)Q Q{U + T(X))P\ (Lqo(X) Toi(A)\ 
l J \P{U + T(X))Q P(U + T(X))Pj \Ti 0 (A) L n (X))' 

First, we observe that Loo(0) is invertible on QL\. Indeed, as A approaches zero 
U + T(A) has the form, by Lemma 12721 


U + T(A) = U + v(x)L(X)(x,y)v(y) + ft(A)(^ sgn A - E log |A|)v <g) v 

4 Z7T 

1 Z 1 

= U + v(x)( log \ x - y\)v(y) + o L2 ( 1) + (C + ft(A)(-sgn A - — log |A|))u © v + 0 L 2(e), 

SO 

Q(U + T{X))Q = Q(U + v(x)L{X)(x,y)v(y))Q 

= Q(U + v{x)(--^\og\x - y\)v(y))Q + o i2 (l) + O l 2 (e). 

By choosing e sufficiently small in the decomposition in Lemma 12.21 we obtain 
in fact that Loo (A) is invertible for all sufficiently small A, due to our regularity 
assumption at A = 0. Moreover, for sufficiently small e, /i(T)Lq 0 1 (A) e U 2 ■ Indeed, 
letting S t := ft ( 7 )(Too (A) — T O o(0)), we note that lim e _o |j5 e ||^ = 0, so for e small 
the power series expansion 


ft(“)Too 1 (A) = ft(~)(Too(0) + ft(£)(T 00 (A) - T 00 (0))) 


A, 


-1 


= ft(-)£(-l)"T o - Q 1 (0)(5 2e L 0 - o 1 (0)r 


n =0 
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converges in U 2 ■ 

Also note that L 01 and L 10 are in U- 2 since they contain a Q projection, which 
eliminates the singular term, while for L given by Lemma 12.21 


^ % 1 
L 11 = PvL(X)vP + h( A)(- sgn A — — log |A|)w ® v. 

4 27r 


Consequently 


C( A) = (Ln(A) — L 1 o(A)Lq 0 1 (A)Lo 1 (A)) = (/(A) + h(X)( j sgn A - -L log |A|))t;®t;, 


where /(A) e L x \ is bounded near A = 0 and h( A) is a cutoff function. Since the 
second term dominates the first, for small e there exists 

Ml) 


h( — )C( A) 1 = ——-t-——--—--—3_— vq^v. 

c /(A) + | sgn A — log |A| l^llix 


We expand 


M |) 


= I 




/(A) + | sgn A - ilog|A| (JsgnA- ^log|A|)"+i 

M|) 


(3.6) 


Take e > 0; then for n ^ 1 

Ml) 


(3 sgn A— log | A|) 

iog"~| a| G L x \- Indeed, on one hand 

( Ml) ' A 


ei 1 ). The first step is showing that 


log” |A| 


{t) < e| log e| 


On the other hand, to compute the decay of the Fourier transform, for 1/e < t we 
use stationary phase: 


I 


M|) _ 

-oolog”|A| ( 


it X 


dX 


rCO 

Jo 


Ml) 


0 log” A 

00 f h'(-) 


cos(iA) dX 


f 


1 

< — 


_ nM|) 

v elog”A Alog n+1 A / 
1 n 


sin(tA) dX 


tlog n+1 t 


t 2 \e|loge| ra e|loge|" +1 
Here we used the fact that sin(tA) < tX, hence the symmetry of the integrand; note 
that A £ L 1 In conclusion we get that 


: l-M 


Ml) 


log” |A| 


< 


I log e l 


I log e 


n +1 * 


(3.7) 


Next, again by the method of stationary phase we obtain that for fixed C\ and 
C 2 and n ^ 2 


%o,oo)(A)M|) 


l(-oo,0](A)/l(|) 

(log A + ci) n - fe (log A + c 2 |) fe 

L l x 

(log A + ci) n - /c (log A + c 2 \) k 


< 


< 


1 


n| loge 


n —1 


I log e l 


+ 


n 


log e| n+1 ’ 
(3.8) 










































16 


M. BECEANU 


Combining (13.711 and (13.811 leads to 

Mi) 


(| s gn A — iog |A|)^ 


< 




|loge| 


I l°g e 


n +1 


+ 


log £ 


n+ 2 ’ 


(3.9) 


Since 


IM^)/ n (A)|| riA <C7"||/ l (A) / (A)||^^ 


this means that for sufficiently small e the tail of (13.61) converges in L x \. Therefore 


K-)C{ A)' 1 = 


Mi) 


i 


4 sgn A — iog |A| ||F ||2 


u® v + 


Mi)Mi(A) 


P 


(1 sgn X — log | A |) 2 ’ 


. (3 - 10) 

where k\\P e U 2 (and all powers greater than two have been absorbed into the 
quadratic term). Denoting in the Fehsbach formula 


M-HP + TM))- 1 := 


Poo (A) P 01 (A) 

Pio(A) iFn(A), 


we have obtained an expansion for Ku( A). The other matrix entries can then 
be written as follows: to begin with, by (13.101) and (13.91) A" 0 o(A) = ho o(A), where 
k 00 e lA- 2 - Similarly we obtain that 

Mi) 


Poi(A) = - 


and 


ATq(A) = - 


4 sgn A — 7 P iog | A| 

Mi) 


Mi (A) 

Mo(A), 


4 sgn A - ^ log 

with all the coefficients in U 2 ■ In conclusion, (U + T( A )) -1 has the form 

,A W „ _ 1 ( Mi) , Mi)Mi(A) 


h( — ){U + T(A)) -1 = 


f sgn A — 4- log |A|||F||ii (f sgn A — ^log|A |) 2 


P+ 


+ Q- 


Mi)* 0 i(A) 


| sgn A — ^ log |A| 
By Lemma [2~2l we get that 


P + P- 


Mi)*i o(A) 


sgn A - ^ log | A | 


Q + Qkoo(X)Q. 


Po((A + *0) 2 )u = Ai(A) + /i(A)MsgnA- L log |A|)1 <x) v. 

4 Z7T 

Here Li e ^ i_|_iog + \x\)l cc l[o,i] ^ Likewise 

1 


(3.11) 

(3.12) 

(3.13) 


i;P 0 ((A + i0) 2 ) = L 2 (A) + h(A)( — sgn A — log | A|)v (x) 1, 

4 Z7T 

where L 2 e U( i+i og+ and l[o,i](4)-M e 

Expanding out the second term in (13.11) in accordance with (13.111) . (13.121) . and 
(13.131) and taking into account the fact that Qv = 0, we obtain that at low energy 

h(—)R 0 ((X + iO) 2 )v(U + T(A))-MP 0 ((A + iO) 2 ) = 
e 

= M~)(t sgn A — log I A|) 1 (x) 1 + P(A), 

e 4 Z7T 


(3.14) 
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where Ii. G ^(i+iog + |x|) —1 Li,(i+iog + |x|)l^* 

Using a partition of unity adapted to our three cases (high, medium, and low 
energy), following our previous analysis we can extend (13.141) to all energies. By 
Lemma [2.21 the main term /i(—)(| sgnA— log |A|)1 (g) 1 cancels in (13.11) and we 
obtain the third claimed property for Ry in (13.31) . namely that l[i,ao)(t)(-Ry (A + 
?0) ) (t) G W(l+log + |a:|) _1 Li ,(l+log + | x\)L^- 


In addition, it is easy to show (see Lemma 2.5 in [33 ) that, because ([/+T(A)) _1 is 
bounded in the upper half-plane and its Fourier transform is integrable, its Fourier 
transform is supported on [0, oo). Together with the above analysis, this proves the 
first two parts of (ESI). 

The statement (13.41) also follows from (13.21) . (13.111) . and Lemma [2721 By keeping 
more carefully track of the factors and projections involved — note that 


Qv = v(I 


l®|Vk 


— we obtain m instead. 


□ 


We also state a lemma concerning the equivalence of certain norms defined using 
H and the usual Sobolev norms (see Lemma 13 in [5]): 

Lemma 3.4. Assume that V G (l + log + \x\)~ 2k L\. (k ^ 1), for some q > 1 V G L^ oc 
and lim/{_ ) . 00 4? 1_1 ' / ' 3 ||U||i,9(| a; | 6 [/j' i 2_R]) = 0, and that zero is not a singular value for 
H = -A + V. Then 

ll-^/ll (l+log + \x\)~ k Ll ~ | — ^/l(l+log + \x\)~ k Ll ■ (3.15) 

Moreover, assume V G Lf for q > 1. Then 

lll^| s/2 /IU^ ll/IUi (3.16) 

for 0 < s < 1. Finally, 

\\\H\~ s / 2 f\\ Ll < l/l*.-.- + 1/1*-.+ (3.17) 

for 0 < s < 1. 

By duality we also obtain, for 0 < s ^ 1, 

m\ s/2 f\\ H ^ ^ \\fhi, i fh-s+H-- z rn^fUi- 

These estimates’ lack of sharpness is tied to the failure of the endpoint Sobolev 
embedding H 1 <z L 00 in dimension two. 

Proof. The first statement (13.151) is a consequence of the boundedness of I + VR 0 (0) 
and (/ + Ui? o (0)) _1 as operators on (1 + log + \x\)~ k L].. The latter boundedness 
follows because 

(/ + WRo(O))- 1 = 1- v(U + T(0)) _1 ci? o (0), 

where vRq(0) g B(( 1 + log + \x\)~ 1 L] c , L 2 ) and we proved that (U + T( 0)) _1 is 
L 2 -bounded in the course of proving Lemma KOI 

For the second statement, note that since V G L q , V is (—A + l)-form bounded. 
Since the eigenfunctions of —A + V (corresponding to negative eigenvalues) are in 
H 1 , due to exponential decay they are in L\. n Lg for any p < oo. Therefore \H\P p 
is also —A + 1-form bounded, so |H| = —A + V + 2\H\P p is —A + 1-form bounded. 
Thus || 1171 1/2 /|| < II/IIh-i. The second statement (13.161) follows by interpolation with 
the s = 0 case. 
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The third statement (13.171) is proved once we show that || H 1 ^ 2 /||l 2 ^ ||(|V| 1 £ + 
!V|- 1+e )/|| i? ; the projection on the point spectrum is bounded since eigenstates 
are in H 1 . Equivalently we have ||.ff _ 1 / 2 |V| 2 (|V| 1+£ + |V | 1_e ) _1 /||£2 < ||/||l 2 - By 
the TT* method it suffices to show that 

11(1 V| 1+e + |V| 1 _£ ) _ 1 |V| 2 IL _ 1 |V| 2 (|V| 1+£ + |V | 1 " £ )- 1 /|| L 2 < ||/|U 2 . 

This follows immediately by using the formula ED for H 1 = iiV(O), expressing 
(|V| 1+£ + |V | 1-£ ) -1 as a convolution with an L 2 function, and noting again that 
(U + T(0 ))" 1 is Abounded. □ 

We continue with the proof of the main result of this paper. We prove Theorem 
D and Lemma Tl.51 together. 

Proofs of Theorem \l.l\ and Lemma \1.5\ By spectral calculus, for / e L 2 


sin(tVH)P c 

Vh 


/ = 


1 r 

2t ti J 0 


sill' 


(tV A) 


Va 


(R+(\)-Ry(\))fd\. 


Making a change of variable from A to A 2 , we obtain 
sin (tVH)Pc 1 rC ° 


Vh 


1 f" 

/= — sin(tA)i?v((A + *0) 2 )/ d\. (3.18) 

^ J — 00 

This is the symmetric part of the Fourier transform of Ry({\ + i0) 2 )f. By Lemma 
13.21 Ry has the properties given by (IOI) . The conclusions (11.2111.41) now follow by 
the definition of the spaces U. 

Concerning the cosine evolution, one likewise has that 

1 f 00 

cos (t\[H)P c = — \cos{t\)Ry{{\ + iO) 2 ) dX 

J — 00 


/ —00 
rCO 


1 r 00 

Acos(tA)(I + i? 0 ((A + *0) 2 )V r )" 1 i?o((A + iO) 2 ). 

™ J-00 


(3.19) 


Since the Fourier transform of the free resolvent i? 0 ((A + *0) 2 ) is ^\ x - y \ -gt(i 2 ~ I* — 
2 /1 2 ) I / 2 = 27rl t ^o (gee Lemma T2.21) . it follows that the Fourier transform 

of Ai?o((A + *0) 2 ) is 27Til t ^o cos(fV~A). By formula (IB.II) we obtain that 

||cos(i\/^A)/|| L a, z i < ||V/|| L i, 

which suffices together with (13.41) to prove (11.5111.71) . 

Next, we prove the inhomogenous Strichartz-type inequality (11.81) . We start from 
the observation that 

1 


1 1 


\Jt‘ 1 — r 2 


= C p r- 1+1 / p 


l ? 


for 1 < p < 2. In fact, it is also the case that 1 t ^ r ,.2 e At ,c ° n A 2,c0 , with norms 
equal to C, respectively Cr -1 / 2 . Also note that II|d -1+1 / p || 2p /(p-i),oo < 00 . Then 

-‘-'x 

in the free case 


£ 


sin(t — s)V~A 




F{x, s ) ds 


< 


r <?1 >cr J T’l >er 


I 


l 


t-s^\x-y\ 


V(i- s ) 2 ~\x-y\ 

< |||a;| _1+1/p * \\F(x,s)\\ l , l ,„ l 
~ s) ||^q 2 ,tT^r 2 ,cr , 


F(y, s) ds dy 


<?1 T r 2 
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where by Young’s inequality 

1 _ 1 p -1 

9i q2 2 p 


ri v 2 p 


(3.20) 


and 1 < p ^ 2 , 1 ^ q\ ,q 2 ,ri, r 2 ^ oo, with certain modifications in the endpoint 
cases. Putting the two relations (13.201) together one obtains the scaling condition 
that 

- + - + 2 = - + -. (3.21) 

qi r i q 2 r 2 

Also we note the following restriction on the range of admissible exponents: 0 < 
1 -L < I 

r 2 r i^2* 

In the perturbed case one also has the Duhamel term 


r 


sin(tA).Ro((A + iO) 2 )v(U + T{ A)) * 1 wl?o((A + *0) 2 ) dX. 


This corresponds to a sequence of operators 




^ sin(tV — , 


L?L 


r,a v r 2 r>",5 ((U+T(A)) 1 )*( t )* r 2 r V rlrV 
/ —* Ju~L/+ » ±j^1j+ —> 


n sin(tV— A) , 
* t >° * 


T^qx,CO j^r\,cr 


The conditions on the exponents are 


2 1 

92 r 2 



2 

-b 

9i 


1 

-b 

rr 


2 . 


In the endpoint case q 2 = 4/3 and r 2 = 2 one has L r ' 2 ’ <T = L 2,1 instead. Interpolation 
allows us to replace L qi,co and L q2)1 by L 9l,CT and L q2,<7 everywhere except at the 
endpoints. 

We note that this is the same scaling relation as in the free case and the admis¬ 
sible range of exponents is at least as wide as in the free case. This concludes the 
proof of (11.81) . 

For the cosine propagator, taking into account CEO), we need to consider the 
effect of convolving with g(r,t) := l [ 0 , r] (i)y + %r,oo)(X> (/ + ^_,/ ) ^_ r , • Note that 

when 1 < p < 2 \\g(r,t)\\ L p = C p r~ l+l / p and \g{r, t)\\ L 2 ,oD = Cr -1 / 2 . The proof of 
OD proceeds from here in the same manner as that of m for the sine propagator. 

We now turn to the proof of the homogenous Strichartz estimates, starting with 
(11.101) . Following [ 6 ], we use the TT* method, noting that 


sin{ty/~H)P c sin (s\ /r H)P c 1 ( cos((t — s)VH)P c cos((t + s)y/~H)P c 


Vh 


Vh 


H 


H 


. (3.22) 


By the spectral representation formula we obtain that 


cos (t\/~H)P c 


H 


1 f° 

m J_ 


cos(<A)(/ + R 0 ((X + dX. (3.23) 

i A 


The Fourier transform ( ) ) A (£) is zero for t < 0 by contour integration 
and, modulo a contour integral equal to zero, is the same for t ^ 0 as 


■r 


cos(fA) 


i?o((A + *0) 2 ) 
A 


dX = 


rCO _ 

cos(tv / A) 

Jo 


Rq ( a ) - R o (A) dX = cos(t\/ = A) 


A 


-A 
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We explicitly represent cos (*^~ s ') . by noting that 


-A 

cos(tv / —A) 1 


-A 


sin(s\/—A) 

V-A 


—-f 

-A Jo 


\x-y \vt 


ds 


h-yl V s2 - k-2/l 2 


Therefore 


so 


cos(tv / ~A) 


sup 

se[0,t] 


-A 

cos(sV~A) 


(x,y) <1+ | logmax(|x — J/|,t)|, 


-A 


(x, y) < 1 + | log |x-y|| + log + 1. 


However, we require a finer estimate: in fact 
cos(t-\/ — A) 


sup 

te[0,oo) 


-A 


-(x,y) - log + t 


< 


1 + I log |x — J/| I, 


where log + t can be replaced by a mollified version. We have isolated the worst- 
behaved term as a rank-one operator (log + t)l (x) 1. 

Plugging this into (13.231) and using the fact that (I— )1 = 0, we obtain that 

the term log + t only meaningfully interacts with the third term in formula (13.51) , 
namely i sgn x^A. i og [ a| ^ 2 (A) ■ A simple computation shows that the convolution 
product of these two expressions is uniformly bounded (it has Fourier transform 
j). Therefore 


J — 00 U 


< 

(l+log + |x| )LfL? 


~ ll F ll((l+log + |r C |)-iLin/C 1 )Li- 


Finally, using (13.221) we get (II. 101) . 

The inequality (11.111) is proved in the same way, noting that 


cos(tVH)P c cos(sVh)P c 1 f cos((t — s)Vh)P c cos ((t + s)VH)P c \ 

VH VH = 2 ^ H + H J 

and then making use of the comparison Lemma 13.41 at the end to introduce the 
Sobolev norm. 

Next, we prove the nonendpoint Strichartz estimates (11.121) and (11.131) . We start 
from the operators and cos ^J ^ Pc , 1/4 < s < 1. By the same TT* 

argument as above, the problem reduces to examining the operators 


cos {t\[H)P c 
IP 



cos(fA)(/ + i? 0 ((A + iO) 2 )^)- 1 


flo((A + iO) 2 ) 

| A] 2 ®— 1 sgn A 


dX. 


(3.24) 


We are compelled to study the Fourier transform M(t) := 


i?o((A + zO) 2 ) 


(t). 


|A| 2s_1 sgn A 

We cannot use contour integration since the function is not analytic. The Fourier 
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transform is explicitly given by 

rOD rCC 

:tx H+(X\x - p|)A 1_2s dX - e iiX H q (X\x - y|)A 1_2s dX 


y) = 


f 


By rescaling this becomes 

M(t)(x,y) = \x-y\ 2e - 2 ^(( . 


f 


(A)A 1-2s dX - I e'T* ± y\ x H q {X)X 


i l-2s 


dX 


Recall that Hq(z) = ±Jo(z) + iYo(z), where Jo and Yq are the Bessel functions of 
first and second kind. We have the following asymptotic expansions, see EH: 


for \z\ < 1 and 


H±(z) = ±1 - - log(*/2) - + d(z 2 log z) 

7T 7T 


K±(z) = e ±iz u ± (z), co ± (z) = 0 (( 1 + M)- 1/2 ) 


for |z| > 1. For simplicity we used the notation / = O(p) if = O(g^) for all 
k ^ 0. Recall h is a smooth cutoff function. Then by stationary phase, if we set 

k = 


\x-y \> 


f 

JO 


e lfeA (l + logA)A i " 2 s /i(A) dX 


^ n 1 + logfc, 


k 2 ~ 


with better bounds for the error term and 

f'OO 

e i(fc —l)A A (l/2)—2«( 1 _ ft (A)) dX 11 -N 


f 


< min(|fc — 1 | -JV , \k — f 1 2 «—3/2), 


where the last term is replaced by 1 + log_ \ k — 1| if s = 3/4 and 1 if s > 3/4. 
Thus we obtain that 


M(t)(x,y) < < 


lo SE3 


\x-y I 


+2-2s 

1 


y I 


2—2s 


t»\x- y |, 

+ \ x -y\-V*(t-\x-y\)*-W t~\x-y\, 


(3.25) 

where the last term gets replaced by \x — y\~ 1 / 2 log_ | when s = 3/4 and by 

0 when s > 3/4. 

Note that this expression is not locally integrable in t for s =% 1/4. For 1/4 < s < 
1/2, M(t)(x,y ) G Lf, 1 < p < 334 J, and M(t)(x,y) G L^V 00 . For 1/2 ^ s < 3/4, 
M(t)(x,y) G L\ for < P < 334 J and M(t)(x,y) G except when 

s = 3/4. Finally, for 3/4 < s < 1 M(t)(x,y ) G L\ for —< P ^ 00 ■ One always 

C 

has ||M(t)(a;, 2 /)|| L P = — — ^ 2 _ 2s _ 1/p due to scaling. 

Therefore the operator with convolution kernel M(t)(x,y) takes L| 2 ,CT L/ 2 ’ <T to 
L| 1 ,<T Lj 1 ’ <7 , where by Young’s inequality 

1 _ 1 1 
9i <?2 

with the natural modifications at the endpoints. Combining the two exponent 
relations we obtain the scaling condition 


1 _ 1 1 

2 p’ r\ r 2 p 


1 , 


2 12 1 

— + — + 2 s + 1 — — + —. 
qi ri q 2 r 2 


(3.26) 



















22 


M. BECEANU 


This is accompanied by various restrictions on the range of allowable exponents 
(see the statement of Lemma m- 

In the free case this analysis is sufficient, but in the perturbed case, taking into 
account (13.241) and (13.21) . we also have to consider the term 



cos(£A)i? 0 ((A + iO) 2 )v(U + T(A))" 1 uM(A) dX. 


This corresponds to a chain of operators 


Lf' 1 !?’* 


M{t)* 


00 r r,a v 


l?l: 


L 2 M’ a 


((U+T( A))- 1 ) A (t)* T 2 T r,cr 


LlLf 




n(ty-A) . 




The exponents satisfy the scaling conditions (13.211) and (13.261) . that is ^ = 
2 + A = ^- + + 2s + 1. We can replace the Lorentz spaces L qi,cc and L 92 ’ 1 by 

the Lorentz spaces L 9l,cr and L 92 ’ cr by interpolation, except at the endpoints. Note 
that the scaling condition is the same as in the free case and the admissible range 
of exponents is at least as wide. 

Exactly the same proof applies to the case of the sine evolution. This finishes 
the proof of (11.221) . hence of Lemma. 11.51 

Now, in order to prove (11.121) and (11.131) . we set the exponents q\ and <72 and rq 
and 7~2 to be dual to each other in the above and a = a = 2. The scaling condition 
becomes 

2 1 1 

- 1 -= 1 — s 

qi rq 

and the restriction on the range of available exponents becomes 2 ^ rq < 3 ^_ g for 
1/4 < s < 1/2, < rq ^ 3 / 4 - s f° r 1/2 < s =$ 3/4 (except no equal sign when 

s = |), and Yzy < rq < 00 for 3/4 < s < 1. Several of these conditions can be 
represented more efficiently as 8 ^ qi < 00 and 2 < rq ^ 00. When q = 00 we 
replace L ri ’ 2 by U°. 

Note that in the case of the free Laplacian, due to the cancellation of the log¬ 
arithmic term at low frequencies, one obtains for an estimate similar to 

(13.251) . but without the logarithmic factor. The absence of the logarithmic factor 
implies the validity of the endpoint estimate M(t)(x,y) e L 2 - 2 »’ c0 for \ ^ s < 1. 
Therefore one can take q\ = 00 in the free case (but not if s = 1 and rq = 2, since 
that would correspond to convolving with t ^ 1 ). 

We then use a TT* argument as in the proof of the homogenous Strichartz 
estimates (11.101) and (11.111) to complete the proofs of (11.121) and (11.131) . □ 


Next, we prove Proposition II. 41 


Proof of Proposition By following the same approach as in the proof of Lemma 
13.21 under the stronger assumption on V we obtain in addition to (13.31) that 

Rv(( A + *0) 2 ) = Qo(X) + ^iii Qi(A), 

log IA | 

where l[i ) 00 )(t)(l + lo S+ |*|)Qo» Q 1 e ^(i+io g+ M)- 2 Li ,(i+io g+ \x\) 2 l™- In addition, 
recall that the Fourier transform of is of size tlo ^ t^t for large t. Estimate 

(11.181) follows immediately. 
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Note that 

cos (tVH)P c f T sin (tVH)P c cos (tVH)P c 

- H -J, vH dT ~ - H -' 

which converges weakly to zero as T —* oo. Therefore 
cos (t\fH)P c f XJ sin (tVH)P c 

- H -"J, Of dT ' 

Then (11.191) is a simple integration, followed by the use of the norm equivalence 
Lemma 13.41 

Next, again assuming that V e (1 + log + |x| )~ 4 L 4 , instead of (13.41) we more 
precisely get that 

(/ + i? 0 ((A + iO) 2 )V)- 4 = Q 2 ( A) + ^&(A), 

log IA | 

where Q 2 , Q 3 e (1 + log + |t|) _1 W (1+log+ | x |)- 2 i,i,(i + iog + \ x \) 2 l™- Hence (11.201) follows 
once we note that by m 

11(1 + log + |t|) fc cos(i\/—A)/|| (l+log + \x\) k L^L\ ~ l|V/||(i + io g+N )-, L i. 

Then (11.211) is a simple consequence of integration. □ 


4. Proof of the decay estimate 


Proof of Theorem \1.3[ We again separate the proof into three parts — the high 
frequency, the medium frequency, and the low frequency part. We use two Banach 
spaces in the proof, namely L\ and . Note that 


\\J*9\\li ^ Uhibhi, 


11/* ~ l/lt-V 2 Lf IIsIIlJ + 11/llz.J llfl r lli- 1 / 2 J3g° ? 


and 

||lt3sc/ 1/12 * ItSsC )t 1 ^ 2 ||lj° < °°- 

Our proof strategy will be to show that the integral kernel we are examining belongs 
to both L\ and t _1/,2 L”. Note that h(t) and other Fourier transformed cutoff 
functions belong to both spaces, so cutting off in frequency preserves both spaces. 
High energy: We represent the high frequency part of the evolution as 


1 f° 

7ri J_ 


e~ ltx R 0 {{\ + iOY)(I + VR 0 ((X + *0) 2 )) -i (l - h{X/R))f dX. (4.1) 


What we show is that for sufficiently high a 


r 


e _ltA f?o((A + *0) 2 )((/ + VRq((X + iO) 2 ))" 1 - /)(1 - h(X/R))f dX 


< 


ir 1 / 2 n/iUi- 


L°? 


The desired estimate follows for H knowing that it is true for —A, i.e. knowing 
that (see e.g. [2] for the proof) 


A/a \—3/4— 


<A> 3/4 /lx® < \t\ 1/2 ||/lii, 1 e' 




(A)~ 3 ^ 4 f\\ L oo < ir 1 / 2 n/ii 


HI 


and same for A X / 2 (A) H 4 . 
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Consider the expression l t ^ r (i 2 —r 2 ) 1//2 . Note that ||lt ^ r (£ 2 — r 2 ) 1 / 2 |[ I/ i =+oo 
and that ||1 t ^ r (t 2 — r 2 ) 1 / 2 || (t _ I . ) - 1/2i oo < r 1/2 . However, for the high frequency 
part we have the improved bound 

\\(S 0 (t) - Rh(Rt)) * l t>r (t 2 - r 2 )~ 1/2 \\ L i < 

J -r+p poo j 

(t 2 - r 2 )- 1 / 2 dt + R - 1 Ut 2 - r 2 )" 1 / 2 dt 
r Jr +p dV (4.2) 

< min(p 1 / 2 r _1/2 ,1 + log + (p/r)) + R _1 min(r _ 1 / 2 p“ 1/2 , p _1 ) 

< min(i?- 1 / 2 r - 1/2 ,1 + log _{Rr)), 


where we set p = R 1 . Also, 

||i?h(i?f) * lt 5 > r (t - r 2 ) - 1 ,/ 2 ||( t _ r )-i/ 2 i oo < r _ 1 ,/ 2 ||i?h(i?t) * l t>r (t - r) _ 1 / 2 |( t _ r) -i/ 2 I ,oo 
and uniformly for all R 

\\Rh{Rt)*t t ^ 0 t~ ll 2 \ t -n 2 L <x> < ||l(-oo,t/ 2 ] (s)Rh(Rs) l^i +A 2 sup Rh(Rs) <t~ 1/2 . 

se[i/2,f] 


Therefore 


|(<5o(t) - Rh(Rt)) * l t>r (t 2 - r 2 ) 1 / 2 IL_^-i/ 2 /..°° < r 1/2 . 


Il(t-r)-i/ 2 i” 

We expand the high energy part S3 into a geometric (Born) series. Let us first 
examine the term (where for convenience we denote rq = \x — y\, r 2 = \y — z\) 

rO 0 

e~ itx Ro((X + iO) 2 )V R 0 ((X + i0) 2 )(l - h{X/R)) dX = 

J — 00 

= J(«o - Rh(Rt)) * ((J 0 - (R/2)h(Rt/2)) * (l t>ri (t 2 - r 2 )" 1 / 2 )) H(p)* (4-3) 

* ((Jo - (R/ 2 )h(Rt/ 2 )) * (1 t >r 2 (t 2 - r 2 )" 1 / 2 )) dp. 

On one hand, since (t 2 — r 2 ) -1 / 2 < r _1 / 2 (f — r) -1 / 2 , this term is bounded by 
(1 t> ri ri 1/2 {t - ri) _ 1 / 2 )|H(p)| * (1 t>r 2 r 2 1/2 {t - r 2 )~ 1/2 ) dy , 




which, taking into account the fact that lt>o i“ 1/2 * It^cd 1 ^ 2 is uniformly bounded 
(and same for their mollified versions), is then bounded by 


- ,/2 


(14.31) < J r 1 1 ^ 2 |H(p)|r 2 1 ^ 2 dy < min(r 1 1 ^ 2 , 

On the other hand, denoting 

fi = (<5o - (R/2)h(Rt/2)) * - rl)~ 112 ) 

h = (<5o - (R/2)h(Rt/2)) * (1 t >r 2 (t 2 - r 2 )- 1 ' 2 ) 


we have 

ll/l * /2 1| (t—n — r 2 ) -1 / 2 L^° < ll/l|(i-'r 1 )- 1 /2i^||/2|Uj + ||/l ||lJ || /2 \( t -r 2 )~ 1 l 2 Lf 

< r)" 1 ^ 2 (l + log_ (i?r 2 )) + (1 + log_(i?ri))r^^ 2 . 
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We obtain a bound of 

(0311 ^ (t - ri - r 2 )“ 1/2 J \V(y)\(r^ 1/2 (1 + log_(i?r 2 )) + (1 + log_(i?ri))r^ 1/2 ) dy 
< (t-n -r 2 )" 1/2 ||V|| I ,i n ^. 

It is here and in the similar estimate for the general term that we fully use the 
condition that V e 1C. Combining the two bounds we obtain 

(03J ^ min(r^ 1 / 2 ,r 2 " 1 / 2 ,(t-n -r 2 )- 1 / 2 )||y|| L i n)e < t~ 1/2 || V|| L i n/ c- 


We now consider the general term, for n ^ 2, 

/'00 

e~ itx Ro((X + iO) 2 ){VR Q ((X + *0) 2 )) ri_1 (l - h(A/i?)) dA = 

J—oo 

= J(d 0 - itt(itt)) * ((do - (R/2)h(Rt/2)) * (t^ ri (t 2 - ^)" 1/2 )) ^(yi) * • • • 
* V(y n _x) ((d 0 - (R/2)h{Rt/2)) * (1 t>r n (t 2 - r 2 ) -1/2 )) dy x ... dy n - 1 , 


where n = |x - j/i|, r 2 = |t/i - y 2 |,.. .,r n = \y n -i - z |. Suppose we denote 
fk = (do - (R/2)h(Rt/2)) * (t^r k (t 2 - r 2 k )~ 1/2 ). 


(4.4) 


We obtain that 

n 

||/l * ■ ■ ■ * fnhl £ n min(ir 1 / 2 r ~ 1/2 ,1 + log_(i?r fc )), 

k =1 


It/i * • ■ ■ * /n||(t-r 1 —.,-r n )-i/*Lf ^ fl min(i? 1 / 2 r fc 1/2 , 1 + log_(i?r fe ))- 

1 


k= 1 


s 


fe^i r fe /2 min(i? V 2 r fe 1/2 ,1 + log _{Rr k )) 


and 


n— 1 


||/i * • ■ • * / n ||i® ^ ]^[ min(i? 1 , 2 r k 1/2 , 1 + log_(i?r fc ))- 

1 


fc=i 
n —1 


s 


. r .- 1 / 2 


fcTi ^ min {R 1 / 2 r k 1/2 ,1 + log_ (i?r fe )) 

Therefore 

(03) < min(0 - n - ... - r„)-V 2 , rr 1/2 ,..., r" 1 / 2 )!? 2 -”||F||^ 
< n 1/2 t“ 1/2 i? 2 -"||i/|r7 1 

11 "Lin/C 


For sufficiently large i? or small V the series is then summable. 

Medium frequencies: We want to show that for every Ao / 0 there exists e > 0 
such that 

- I e itx Ro((X+iO) 2 )((I+VRo^X+iO) 2 ))- 1 —I)h( - °-)fdX < 

^ J— oo e L°° 

(4.5) 
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Without loss of generality, assume Ao > 2. Then we can write h( x x ° ) = 
(1 — h(X))h( x ~ x ° ). Then note that by 114.21) 

e * (4.6) 

< || (<5 0 - h(t)) * (1 t>r{t 2 - r 2 ) _1/2 ) || L 1 < min(r _1/2 ,1 + log_ r). 
Furthermore, by a computation similar to (ira we obtain that 

J 'OO 

\(S 0 - h(t)) * (1 t>r(? - r 2 )- 1 / 2 )! < min(r- 1 / 2 ,1 + log. r, (R 2 - r 2 )" 1 / 2 ). (4.7) 

Ft 

At the same time, note that h( A ~ A ° ) A = ee lX ° et h(et) and 

\\(ee lXoet h(et))*(tt»r(t 2 -r 2 )~ 1/2 )\\ L f ^ ||efr(et)|| L 2 ,i|l t>r (t 2 -r 2 )|| L 2 ,cx> < r _1/2 e 1/2 . 

(4.8) 


On the other hand, ± t ^ r (t 2 — r 2 ) 1 ! 2 < r 1 / 2 l t>r (t — r) 1 / 2 and uniformly in e 
|(ee lAo£t h(et)) *t _1 / 2 | < t -1 / 2 , so 


\\(ee iX ° et h(et)) * l t ^(f 2 - r 2 )- 1 / 2 | (t _ r) -x / 2 L . < r" 1 / 2 . (4.9) 

Combining (14.81) and (14.91) we obtain that 

||(ee a ° et h(ef)) * t t>r (t 2 - r 2 )” 1/2 || t -i/ 2 L oo < e 1 / 2 + W 1 / 2 . (4.10) 

Define the spaces of kernels U\ ~-=U L1 L1 and 

Vi := {T(t,y, x) \ \\T(t,y,x)\\ t -i/ 2 Lf e B(L\, L], n /C)}. 

Note that T e Vi implies that ||T(t)||g( i i) < f -1 / 2 . Since 

ll/l * /2 ~ II/l lit - V 2 i(° II/2 1 ij + ll/l ||ij II/2 lit —5 

we obtain that 

\\Ti * T 2 ||vi ^ ||Ti||wi 1^21 Vi + ||Ti||vi||T 2 || Wi 
and more generally that 


n 


\\Tk\\ 


Vi 


n r * • 

Vi h =1 k =1 11 fe| IWi 


(4.11) 


fc=i 


fc=i 

^2 


Let S e ( A) = h( ~ 0 )V(Ao((A + i0) 2 ) — i?o((Ao + *0) 2 ). A simple computation 
shows that if V e Lj. n £, (14.71) implies lim e ^o ||5 e ||^ = 0. Furthermore, by (14.101) 

S e e Vi uniformly for small e (this also uses V ei)n£). 

We also observe that by m and Lemma EU if V e L 1 and V e L q loc , 
lim/e^ 00 i? 1 - 1 / 9 |V'|| I( , ( | a ,| e[iii 2 J j]) = 0, then (/+ WR o ((Ao + *0) 2 )) _1 e ^(L 1 ). Writing 


(/ + WR 0 ((A + iO) 2 ))" 1 = I - VR 0 ((X + iO) 2 )(I + VR 0 ((X + i0) 2 ))“ 
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we obtain that, if in addition V e it, then (I +VRo((\q + *0) 2 )) 1 — I e B{L\, L: J, n 
it 1 / 2 ) and (/ + Fi?o((Ao + iO) 2 ))^ 1 6 S(L;J, n ^i/ 2 ). We then express 

^ A-_Ao)( (/ + yi?o((A + . 0)2)rl I) = 

= + VR 0 ((Xo + *0) 2 ) + h(^^)V(R 0 ((X + iO) 2 ) - i? 0 ((A 0 + iO) 2 )))" 1 - J) 

A — A 00 

= M--)(2 ( J + ^o((A 0 + iO) 2 ))~ 1 (S 2 e(X)(I + VRo((X 0 + iO) 2 ))" 1 )" - /). 

^ n=0 


This expansion converges in 1A\ for sufficiently small e. By (14.111) we obtain that 
h (^)((I + VR 0 ((X + iO ) 2 ))" 1 - /) 6 \\ as well. 

In addition, by (14.61) and (14.101) . 

II0( A o A ° )- R o((A + *0) 2 )) A y)\\ L i < l + log_ \x-y\, 


(M 


2e 

X — Ao 

2e 


)i?o((A + *0) 2 )) A (t)(:r, y ) < ^(l + |* - *T 1/2 ) 


and the conclusion (14.51) follows. 

Low frequencies: Here our goal is to show that for sufficiently small e > 0 

00 


1 c°o \ 

— sin(tA)i?. 0 ((A + ?0) 2 )((/ + HU 0 ((A + zO) 2 ))" 1 - I)h(-)fdX 
77* J-00 e 

(4.12) 

and likewise for the cosine propagator. 

Following Lemma 12.21 we decompose Ro((X + *0) 2 ) into a component L with 
integrable Fourier transform and a rank-one part: 

R 0 ({X + iO) 2 ) = L(X) +h{ A)(^sgnA- ^ log |A|)1 <x) 1, 

where L(t) = t t ^ r (t 2 — r 2 ) -1 / 2 — r]{t)t~ l + g(t). We know by Lemma T2. 2 1 that 
I \eh(et) * L{t)\\ L i < \\L(t)\\ L i < 1 + | logr| 

and that as R —» 00 

f 00 r 2 

J |L(t)| dt < Xr>fi(logr — log I?) + max(l, -^) + o(l). (4.13) 

Note that for 1 p ^ 2 (using Lorentz spaces for p = 2) 

| eh(et) * 1 t ^r((t 2 - r 2 ) _1/2 - t _1 )||i°° < \\eh(et)\\ L p> ||1 t> r ((t 2 - r 2 ) _1/2 ) - i _1 )|| L p 

< ^.-i+i/PgVp. 

(4.14) 

On the other hand, for 0 < a < l t ^ r (t 2 — r 2 ) -1 / 2 < r _Q l t>r (t — r)“ -1 and 
for 0 < a 1, uniformly in e, 


eh(et) * (1 t^r- 1 ) < f “- 1 


so 

||eft(ef) * (l t>r (f 2 - r 2 )- 1/2 )|( t _ r)c< _i i o 0 < r _a . (4.15) 
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The same remains true after adding the term 1 , which is smaller. Combining 

(14.141) and (14.151) we get that 

\\eh(et) * 1 - r 2 )~ 1/2 - f -1 )|| t -i/ 2 L co < e 1/2 + r -1/2 . 

We consider separately the term — 77(t)t — 1 , for which we see that 

\\eh(et) * 1 tgtrf 1 — il(t)t 1 || t — 1 / 2 ^oo < 1 — ~ 1 + r ^ 2 - 

Therefore 

\\eh(et)*L(t)\\ t -i/ 2 L co = ||eK(et)=i=(l t>r (t 2 -r 2 ) _1/2 -77(t)t _1 )|| t -i/2 i oo < l+e 1/2 +r" 1/2 . 

In a similar manner we obtain that 

||eft(ef) *L(i)|| t -i/ 2(1+log+ \t\)~ k Lf ^ l + e 1/2 (l + log+r)+ r" 1/2 +r" 1/2 log+r. (4.16) 

Although it is also possible to carry out the low energy analysis in an L 2 setting, 
as in the proof of Lemma we first do the proof in a weighted L 1 setting for a 
sharper result. Recall the notations Go = -Ro(O), v = IRI 1 / 2 , U = sgn V, P = , 

Q = I — P. We write I + VRq((X + zO) 2 ) = U(U + |R|i?o((A + zO) 2 )) and and 

TT _i_ n/l r t(\ ml 2 ') = ( + |F"|-Ro((A + *0) 2 ))Qi Qi{U + |R|-ffo((A + zO) 2 ))Pi\ 

1 1 0(1 j j \Pi(U+ |l/|P o ((A + *0) 2 ))Q 1 P 1 (U+ \V\R 0 ((\ + iO) 2 ))PiJ 

Zoo(A) L 0 i(A) 

Lio(A) Ln(A) 

Here we define the projections P\ and Q i by P\ := |yj®* and Q\ = I — P\. They 

are bounded on L 1 and on weighted L 1 . 

The inverse is given for small A by the Feshbach formula (Lemma 13.31) : 


(I U + |C|P 0 ((A + zO) 2 )) -1 = + L ™ LmC lLwL 


oo^oi c 1 L w L 0 q 


—C ^loLn 1 


-L^LoiG- 1 


1-1 


J 10^00 C 

where G = In — LiqLqq Lqi- 

Define the spaces of kernels U x := G (1+log+ w) -i L i i(1+log+ n £ 1/a and 

Fl • {-F(Z Vi I l|F(t, Vi *^) II V 2 (l-|-log + |Z|) _2 L£° ^ 

H((l + log + \x\)- 2 Ll, (1 + log_|_ \x\)~ l Ll n K. i)}. 


(4.17) 


Note that T e V i implies that ||T(t)|| B (( 1+log+ | x |)-i L i) < t 1//2 (1 + log + |t|) 2 . In 
addition, \\T 1 *T 2 \\ ill ^ From 

||/l*/2|| t -i/2(i + i og+ \t\)~ 2 L? < ll/l|it- 1 / 2 (l+lo g+ |t|)- 2 Lflt/2||L t 1 + ll/l||L t 1 ll/2|!t-i/2(i + iog + |t|)- 2 Lf 


it follows that 
More generally 


Ti * ~ ll^i || 7 y, ||T 2 ||v. + || T] 


HIPJH2IIV, + II j- 1IIV, 11^211^ 


n n n \\rj-i m 

FlA . s C" n Pila • E jjrpC 

k= 1 Vi fc=l fc= 1 


(4.18) 


In the Fehsbach formula we first examine Lqq 1 . As in the medium frequency case, 

let 5 e (A) = /i(|)(Z 00 (A) - Z O o(0). Due to (14.131) . lirn^o ||<S e ||<" = 0; this requires 

__ _ £4 

that V(x) e (1 + log + |a"|)~ 3 P x n (1 + log + |a;|) _1 Ali /2 n 1C. 
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Zero being a regular point of the spectrum implies that Loo(0) = Q\{U + 
\V\Gq)Qi is invertible on Qi(l + log + \x\)~ 1 L} I .. Indeed, we consider two cases, 
according to whether \ t V{x)dx = 0. 

If $ V(x) dx 7 ^ 0 consider the operator QiU on Q\L\. = {f e L\ | $ f(x) dx = 0}. 
QiU is a compact perturbation of U. Therefore, if Q\U is not invertible on QiL\ 
there must exist / G QiL], such that Q\Uf = 0, so Uf = a\V\ or in other words 
/ = aV. Thus QiUQi is invertible on QiL], if and only if J V(a;) dx / 0. 

If $ V(x) dx = 0, choose a compact integral kernel K(x, y) G B(Ly, L“) such that 
\V(x)K(x,y)V{y)dxdy / 0 and consider the operator Q\{U — S\V\K) on QiL\.. 
This is also a compact perturbation of U. Therefore, if it is not invertible on QiL], 
there must exist / e QiL], such that Qi(U — 5\V\K)f = 0, so (U — S\V\K)f = a\V\, 
so 

00 

f=(U- 8\V\K)~ l \V\ = X! S n V(KV) n 

n —0 

for sufficiently small S. If $ f(x) dx = 0 for all S in a neighborhood of zero, then 
$ V(KV) n dx = 0 for all n, which is a contradiction when n = 1. 

Therefore there exists some value of S (possibly zero) such that Qi(U—S\V\K)Qi 
is invertible on Q\L The same goes for weighted L 1 and Kato spaces. We then 
write 

Loo( 0) = (Qi(U + \V\G 0 )Qi)~ 1 = (QiiU-dlVWQi)- 1 - 
-v(Q(U + vG 0 v)Q)~ 1 {vG 0 + SvK){Qx{U - 

This shows that Lg 0 1 (0) is bounded on QL\. and on weighted L 1 , assuming that 
zero is a regular point of the spectrum. Reiterating 

Loo 1 (0) = (Qi(U-6\V\K)Q 1 )- 1 -(Q 1 (U-6\V\K)Q 1 )- 1 Q 1 (\V\G o +6\V\K)Q 1 Lo O 1 (0), 

we also obtain that Lqq 1 (0) is bounded on the Kato spaces. 

We then use the expansion 


A 

h(-)L~ 0 \X) = X ( _1 )™-^oo 1 (0)(‘^2e(A)To 0 1 (0))". 

6 n=0 

Therefore, for sufficiently small e, ^(A) — ( Q\{U + \V\Gq)Qi)~ 1 ) g ~L{ 

(or equivalently h(j)(L^(X) — U) G 14). 

In addition, using (14.181) . since by (14.161) ||5 e || ^ < 1 uniformly for small e, we now 

obtain that /i(^)(Zq 0 1 (A) — U) G hf. This requires that V G (1 + log + |a;|) _3 L^. n K. 
Next, observe that 

C( A) = (/(A) + /i(A)(j sgn A — ^ log |A|))V 0 1, 

where we knew that / G L x \ and we have now obtained that \f(t)\ < t~ 1 / 2 ( 1 + 
log + |t|) -2 . For small e 


h{~)C{ A)" 1 = £ 


(—l)"/i(j)/"(A) 


(i sgn A — ^ iog |A|)”+ 1 ||V|||i 


■V®1. 
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Along the same lines as in the proof of Lemma 13.21 one can show that for n ^ 1 


h&) 


(fsgnA- A_log|A|) 


< e 


1/2 


t-l/2(l + log + \t\)-2L? 


loge 


n —2 


+ 


loge | 


Therefore for small e h(-)C(A) 1 e 14 n If. Examining the other components of 
(U + |E|i?o((A + zO) 2 )) -1 , we see that we have proved that 


or equivalently 


h( — )((U + |V|i?o((A + zO) 2 )) -1 — 17) e ~IA n 'if 


h(—)((I + VR 0 ((A + zO) 2 )) -1 — 7) e l4n "if. 


(4.19) 


We now consider the Fourier transform of the expression 
, A 


h(-)R 0 ((\ + z0) 2 )((/ + VRo((X + zO) 2 ))" 1 - I)VR 0 (( A + zO) 2 ). 

In this expression, we treat the first and the last factors separately, writing their 
Fourier transform as 

eh(et) * (1 t>r ((t 2 - r 2 ) _1/2 - t _1 ) + 
where the first term is better behaved than the second. Since 

rt ~ r2 ds log(f - 7*i) + log(i - r 2 ) — logri - logr 2 


f 

Jr i 


j ri s (t ~ s ) 
we obtain that 


t 


Kw-‘> • (*,»,, < i + log - m,n(ri .A ) log - ra 


max(ri, r 2 )i/ 2 


A/ 2 


1/2 ‘ 

T 

(4.20) 


Also note that 

rt 


I 


(lt 3 =n* *) * (lt>r 2 * X ) dt < (log + 1 + log_ ri)(log + t + log_ r 2 ). 


ri+r2 


Then 


Kltssnt *) * /(*) * l )\\ t -H2 LT < 

log_ r\ log_ r 2 


< 1 + 


1/2 


+ 


1/2 


11/11/,) + 


+ || Sup (log + / + log_ ri)(log + t + log_ r 2 )f(t-s) ds\\ t -i/ 2 L *> 

se[ri + r 2 ,t/2] 


< 1 + 


1/2 


log_ r i log_ r 2 \ 

+ ~~TJT~ J 11/+ ll/llz- 1 / 2 (i+io g+ |t|)-2L” + 


+ (log_ n + log_ r 2 )||/|| t -i/ 2 (1+log+ itD-i^oo + log_ n log_ r 2 \\f\\ t -i/ 2 LT . 

Taking into account (14.191) and the definitions of U\ and Vi, it follows that 

1 f 00 

— e ltx R 0 ((X + iO) 2 )((I + VR 0 ((X + zO) 2 ))" 1 - /) 

^ J —00 

~ A 


(4.21) 
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We next treat separately the term 


1 

7T i 



sin(tA)i? 0 ((A + tO) 2 )Fi? 0 ((A 


+ iO) 2 )/i(-)dA. 


(4.22) 


Taking the Fourier transform and denoting \x — y\ = rr, \y — z\ = r 2 , we obtain an 
expression of the form 

J (eh(et) * l t>ri (t 2 - rl)~ 1,2 ))V(y) * ( eh(et ) * l t>ra (t 2 - r 2 ) _1/2 ) dy. 

The worst-behaved term in this expression is (1 * (It^^ -1 ), for which we 

have the bound (14.201) . Therefore, for V e /C, 

(14.221) < t _1,/2 J | V(y) | (1 + log_ rir^ 1 ' 72 + r )~ 1/ “ log_ r 2 ) < t~ x ^ 2 . (4.23) 

From (14.211) and (14.231) we obtain (14.121) . 

Combining the results for high, medium, and low frequencies, by means of a 
partition of unity, we see that we have proved that 


/ sin (tVH)P c 

l 75 


sin^V^A) \ 

v^a r 


< t 


- 1/2 


ll/ll 


LI 


and likewise for the cosine. Taking into account the well-known results in the free 
case, see [2], the conclusion (11.161) follows. For (11.171) . we need to additionally prove 
that A)~P is L 1 -bounded for a < fd. This is shown in Appendix C. □ 


Appendix A. The Fourier transforms of Hankel functions 
According to formula (4.7.19) in [I], for Rep > 0 

H${p) = - f (1+) e ipt (t 2 - 1 r^dt, 

^ Jl+ioo 

where the integral is taken along a contour that starts at 1 + ioo with arg(< 2 — 1) = 
—7r, surrounds the point 1 in counterclockwise fashion, and goes back to 1 + ico. 

Following Cauchy’s theorem, for Im p > 0 one can change the contour to one 
that follows the real axis, starting at +oo with arg(f 2 — 1) = —27r, surrounds the 
point 1 in counterclockwise fashion, and goes back to +oo. Letting the contour 
approach the real axis and Imp —* 0, we obtain (12.51) . 

One can make a similar derivation for (EH), starting from formula (4.7.20) in 
P]: for Re p > 0 

Ho(p) = ~ f 1 ] e lpt {t 2 -l)- 1 ' 2 dt, 

^ J— 1 + 200 

where the integral is taken along a contour that starts at — 1 + ioo with arg(t 2 — 1) = 
7 r, surrounds the point — 1 in the clockwise direction, and goes back to — 1 + zoo. 


Appendix B. The cosine evolution in two dimensions 
We start our derivation from the usual formula for the sine evolution: for t > 0 


sin(tV—A) 
\/—A 




f(x - y) 
\v\<t V* 2 - \y \ 2 


dy = 


iff 

Jo Jsi 


/(x + rui)r 
Vt 2 — r 2 


du> dr. 
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Integrating by parts we obtain 
.sinOv^A) 

( V=A f){x) = tfi 

Taking a derivative in t we get 


f){x) = tf(x) + 77 - f f wV/(i + rw)V t 2 — r 2 dco dr. 
27r Jo Js 1 


(cos(tV~A)f)(x) = f(x) + T J J 

= m + ^ f : 

2n J\v\<t 


u}Vf(x + ru>)t 


drf{x + y)t 


2n J\v\<t \ft 2 - \y\ 2 

where d r is the derivative in the direction of y, |~yV. Taking into account the fact 
that f(x) + u)f(x + ru>) dr = f(x + tu>), we can represent the cosine evolution as 
/ / /—*-n \ If,, , , f* f wV f (x + ru>)r 2 du> dr 

(cos((v^a)/)(i) - ^ J s _ /(* + M ^ { J s , (tW ,._ r2)Vti _ r2 

= J_f /(i + jjdj + i- f - irnx + vMdy 

Assuming that / goes to zero at infinity, then f{x + tu>) = — wV/( x + ru>) dr. 

Therefore 

1 r r ^aj.. , r'r fix+^y^dr 


1 r 00 r r 

(cos(tV—A)f)( x) = — — u>'Vf(x + ruf) du> + ) 

2?r J t J S i J 0 J 51 


(t + vy^ 2 )Vt T ^' 


d r f(x + y) dy J_ 
|2/| 27r 


f ^r/(x + ;/)|y|dy 

)|y|<t (t + - MW * 2 - l^l 2 

(B.l) 


Appendix C. Boundedness of some Fourier multipliers 
Lemma C.l. Assume that V e L q for some q > 1. For 0 < a < fd < 1 

IK-ff) a ( — A+ 1 )- /3 /|| l i < I/Ilj- 

Proof. For simplicity, we represent (i?) as H + Ao for some sufficiently large Ao- 
We make use of the following representation formula: for 0 < p < 1 


A~ p = C, 


A X ~ P = Cr. 


r 00 

, (A + A) _ 1 A _P d\ 
Jo 

rCO 

A(A + X )- 1 X~p dX. 

Jo 


Therefore 

n oo 

X a - 1 y~ l 5 (H+X 0 )(H+Xo+X)- 1 (-A+l+y)- 1 dXdy. 

) 

(C.l) 

Note that ||(—A + I + / 1 ) 1 ||b(z,i) < (1 + /i) 1 (easy to prove using duality and F 00 ), 

II A(—A + 1 + y) 1 ||b(li) = II - I + (1 + + 1 + y) 1 \\b(ld ^ 1> 

||F(-A+ 1 + y) 1 ||b(i,i) ^ ||V'|| I ,«!(—A + 1 + y) 1 \\ b ^ l i l q'- ) 

^ ll^llig(! + /*)« _1 (? ^ 1 )^’ ^ 1 , 
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so | (H + Ao)(—A + 1 + fj.) 1 ||s(Li) < 1. Similarly we see that for sufficiently large 
Ao and all A ^ 0 

IK-ff + Ao + A) 1 || B ( L i) < ||(—A + A 0 + A) 1 | B ( i i)||(/+ y(—A + Ao + A) : ) 1 ||b(li) 
< (Ao + A)" 1 

because ||V'(—A + Ao + A) - <1/2. Therefore 

II (H + A 0 )(H + A 0 + A) _1 ||g( i i) = 17 - A(77 + A 0 + A) 1 ||g(Li) 5s 1- 
In conclusion 

II (H + Xq)(H + Ao + A) x (—A + 1 +/x) 1 ||g(ii) < min((Ao + A) 1 ,(l + /r) x ) 

< (1 + A) _SL f £ (l + /z)^ _1 . 

Plugging this back into (1C.II) . we obtain that 

rOD rOD 

||<tf> a (-A + l)-% L i) < A a_1 (l + + /l)^ 1 d\dfi < oo. 
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